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Introduction
It is a classical question in topology, that what kind of topological spaces  can be embedded into finite dimensional Euclidean spaces (endowed with the usual Euclidean topology). To motivate the present paper, first we recall some well known results in related investigations.
A classical characterization theorem can be recalled as follows. The covering n + elements of C′ (the smallest n satisfying this property is defined to be the dimension of  ; if there are no such n, then  is defined to be infinite dimensional). Clearly, if  can be embedded into a finite dimensional Euclidean space, then  is metrizable. By a classical theorem, for a compact, metrizable space  the followings are equivalent:
(1)  is finite dimensional (say, its dimension is n); (2)  is homeomorphic to a subspace of a finite dimensional (more concretely, 2 1 n + -dimensional) Euclidean space (for a proof we refer to e.g. Corollary 50.9 of [1] is at most ε . Thus, if ε is "small" then an ε -map is "almost injective". The usual proof for the harder direction of the above equivalence is based on showing that if the dimension of  is n ∈  , then for all ε , the set of continuous ε -mappings of  into Further, as explained in Theorem 2.2 of [2] , for a compact, metrizable space  , the above (1) and (2) are also equivalent with (3) for all positive ε ,  admits an ε -map to an n-dimensional simplicial complex.
In fact, Theorem 2.2 of [2] provides several statements equivalent with the above (1), (2) and (3) and recalls further notions of dimensions of topological spaces.
All of these dimensions are equivalent for compact metric spaces. For further details on related notions and results we refer to the rather comprehensive survey article [2] and to the references therein.
Recall e.g. from [3] , that the metric space  is defined to be totally bounded if and only if for all positive ε ∈  there exists a finite collection of ε -balls of  that covers X. Further,  is compact if and only if it is totally bounded and complete (that is, every Cauchy sequence of  is convergent).
The main result of the present paper is Theorem 10 where we show, that (i) if  is totally bounded, then for all 0 ε > , there exists a continuous ε -mapping of  into a finite dimensional Euclidean space n  , further
(ii) estimations for n are also provided in terms of ε and structural properties of  .
We should make the following remarks: item (i) above is well known. Thus, "almost injective" functions still exist, even if  is infinite dimensional-of course, if  is infinite dimensional, then n depends on ε . The known proofs are existential, they cannot provide any upper bound for n. However our proof for (i) is effective in the sense, that (as stated in (ii) above), based on it, one can establish estimations on n in terms of ε and structural properties of  .
The structure of the paper is rather simple: we close this section by fixing our notation and Section 2 contains the proofs. As we mentioned, our main goal is of γ -balls is defined to be a γ -net if and only if it covers X, that is,
Thus,  is a completely bounded metric space if and only if for all positive γ ∈  there exists a finite γ -net in  . In addition, as it is well known,  is compact if and only if it's metric is totally bounded and complete (i.e. every Cauchy sequence is convergent in  ). For further details we refer to [3] , as well.
If  is a completely bounded metric space, then ( ) 
Thus, the ∆ -type of b is just the function describing the distances of b from elements of A.
By a ∆ -type over A we mean a function : p A →  which is of the form 
Thus, the relational structure Advances in Pure Mathematics sense.
Lemma 1 Let
, X =   be a metric space, let A X ⊆ be finite and let
Then for the function :
particularly, f is continuous. Proof. Enumerate
. By a slight abuse of notation, we have
for all x X ∈ .
Let i n < be fixed in this paragraph. Then for any , x y X ∈ the triangle inequality yields
so we have
Similarly, interchanging x and y in the previous estimations, we obtain
and hence
Consequently, for all , x y X ∈ we have ( ) ( ) ( ∈ we have
but whenever a realizes p, we have
Keeping the notation introduced in the above definition, intuitively The following theorems will be essential in this paper. Some variants of them (in different contexts) had been utilized e.g. in [5] , [6] and in [7] . 
is a strictly increasing sequence of subsets of
<  be a δ -net of  with smallest possible cardinality. By our assumption on splitting, for each n M < there exist
Assume, seeking a contradiction, that 
by the triangle inequality,
and by symmetry,
n n a c a c δ
It follows, that
particularly,
Therefore,
and similarly,
n n a c a d
Combining these, we get ( ) ( ) ( ) ( ) ( ) ( ) Proof. Let 
By assumption, 0 1 , a a and 2 a are pairwise distinct. It follows, that there ex-
Observe, that
Similarly,
Combining these estimations, we get
Completely similarly, one also can conclude, that Proof. Let 
and let 1 0 
( )
A a for a with
.
We claim, that A satisfies the conclusion of the theorem. By construction, . Therefore, by the triangle inequality, for all 
Proof. Since x is not an isolated point of  , there exists
By assumption, A is an
. Hence, by the triangle inequality, 
for all x X ∈ . Then, by Lemma 1, for all , 
for all x X ∈ . Then, by Lemma 1, for all ,
and let :
if is not an isolated point of , 
Concluding Remarks
In Theorem 10 we have given a new proof for the fact, that each totally bounded metric space  admits a continuous ε -map into some finite dimensional Euclidean space n  (endowed with the usual Euclidean metric). Further, we provided upper bounds for n in terms of ε and structural properties of  .
Our proof had been obtained as follows:  As recalled in Remark 3, there is a well known method that associates a first 
